We report on a scheme which might make it practically possible to engineer the effective competing nonlinearities that on average govern the light propagation in quasi-phase-matching (QPM) gratings. Modulation of the QPM period with a second longer period, introduces an extra degree of freedom, which can be used to engineer the effective quadratic and induced cubic nonlinearity. However, in contrast to former work here we use a simple phase-reversal grating for the modulation, which is practically realizable and has already been fabricated. Furthermore, we develop the theory for arbitrary relative lengths of the two periods and we consider the effect on solitons and the bandwidth for their generation. We derive an expression for the bandwidth of multicolor soliton generation in two-period QPM samples and we predict and confirm numerically that the bandwidth is broader in the two-period QPM sample than in homogeneous structures.
Quasi-phase-matching (QPM) is a major alternative over conventional phase matching in many laser applications based on frequency-conversion processes in quadratic nonlinear media (for reviews, see (1; 2) ). Besides other practical advantages, QPM allows tailoring the nonlinearity of the material to form complex structures. This opens a range of new possibilities, which have become experimentally feasible with the recent progress in poling techniques. For example, engineerable pulse compression in frequency-doubling schemes in synthetic QPM gratings has been demonstrated in aperiodically poled lithium niobate and potassium niobate (3; 4; 5; 6) , and transverse QPM gratings have been made both for shaping second-harmonic beams and to extend the spectral coverage of optical parametric oscillators (7; 8) . Bandwidth enhanced parametric interactions can be obtained in modulated-period structures (9) , multiple nonlinear interactions can be achieved in quasi-periodic schemes (10; 11; 12; 13) , and simultaneous generation of multiple color laser light has been demonstrated in QPM crystals doped with active lasing ions (14) . QPM engineering also finds novel important applications beyond pure frequency-conversion devices, e.g., to generate enhanced cascading phase-shifts (15) , all-optical diode operation (16) , and multicolor soliton formation (17; 18; 19; 20; 21; 22) .
Here we show that two-period QPM structures offer new opportunities for soliton control.
Multicolor solitons mediated by second-harmonic generation (SHG) form by mutual trapping of the beams at the fundamental frequency (FF) and at the second harmonic frequency (SH). Here we focus on bright solitons whose basic properties are well known. Whole dynamically stable families exist above a certain power threshold for all phase mismatches. At lowest order the effect of QPM grating is to average the quadratic nonlinearity (2) . However, taking higher order perturbations into account reveals that the corresponding averaged field equations include effective cubic, Kerr-like terms (19; 23; 24) . Such terms modify the average properties of CW waves (25; 26) and the soliton families of the averaged equations (19; 24; 27) , which can be analyzed as sustained by competing quadratic and effective cubic nonlinearities (28; 29; 30; 31; 32) .
Nevertheless, in standard QPM the strength of the induced averaged cubic nonlinearity is proportional to the ratio between the QPM grating period and the soliton characteristic length (i.e., the diffraction length in the case of spatial solitons). At optical wave lengths, the former is typically of the order of ten µm, whereas the latter is a few mm. Therefore, the strength of the induced cubic nonlinearities is extremely small. The question thus naturally arises whether and how QPM engineering can be employed to bring the effective cubic nonlinearities to compete with the quadratic in the average fields. One solution is to add a strong dc-part to the nonlinear QPM grating, i.e. as done in (33; 34) . This adds a term to the induced Kerr terms, which is proportional to the QPM grating period and the dc-value squared, and thus can be large (24) . Another potentially more versatile technique is to modulate the QPM period with a second longer period, as it was shown theoretically in (23) . This introduces an extra degree of freedom, which can be used to engineer the effective quadratic and induced averaged cubic nonlinearity.
Here we consider the latter technique. However, in contrast to the rather complicated long-period modulation used in (23) we use here a simple phasereversal grating for the modulation, similar to the two-period QPM sample recently employed by Chou and co-workers (12) for multiple-channel wavelength conversion in the third telecommunication window. Furthermore, we develop the theory for arbitrary relative lengths of the two periods and we consider the effect of the modulation on multicolor solitons. We expect soliton formation to be possible for a variety of phase-reversal periods, in view of the fact that multicolor solitons have been shown to be robust against strong perturbations, including quasi-periodic QPM gratings (21) and even periodic gain Fig. 1 . Two-period QPM grating. and loss (35) . Using the induced averaged cubic nonlinearities we derive an expression for the bandwidth of multicolor soliton generation in two-period QPM samples and we show that the bandwidth is broader in the two-period QPM sample than in homogeneous quadratic nonlinear materials. Importantly, all our results are confirmed numerically.
We consider beam propagation under type-I SHG conditions in a lossless QPM χ (2) slab waveguide. The slowly varying envelope of the fundamental wave,
where in all cases of practical interest α ≃ 0.5. The normalized wave-vector mismatch is introduced via the real parameter β = k 1 ω 2 0 ∆k, where ∆k = 2k 1 − k 2 , and ω 0 is the beam width, and k 1,2 are the linear wave numbers of the fundamental and SH, respectively. The scaled transverse coordinate, x, is measured in units of ω 0 and the propagation coordinate, z, is measured in units of 2l d where l d = k 1 ω 2 0 /2 is the diffraction length of the fundamental wave. The spatial periodic modulation of the nonlinearity is described by the grating function d(z) whose amplitude is normalized to 1, and whose domain length we define as Λ = π/κ, where κ is the spatial grating frequency or the QPM frequency, which we assume real and positive. In the case of secondharmonic generation in lithium niobate pumped at λ ω ∼ 1.5 µm with a beam width of ω 0 ∼ 20 µm, the intrinsic material wave vector mismatch is of the order |β| ∼ 10 3 . Thus the QPM frequency must also be of this order which corresponds to a domain length of ∼ 10 µm. For such values, a scaled grating frequency of the order κ ∼ 10 correspond to a domain length of about 1 mm.
The two-period grating function, d(z), consists of a primary grating, d (1) (z), and a superimposed secondary grating, d (2) (z). We expand d(z) in a Fourier series where the summations are over all (k, l) from −∞ to ∞. If we assume the grating functions to be square, only the odd harmonics enters into the expansion, d 2l+1 = 2/iπ(2l + 1) and d 2l = 0. In the case of low-depletion SHG, the effect of the superimposed period is to split each peak of the original one-period QPM grating into an infinite family of peaks (12) . More formally, one has peaks at all spatial QPM frequencies mκ 1 + nκ 2 where m and n are the QPM orders related to the primary and secondary grating, respectively. These peaks are not delta-like, though for simplicity they are depicted as such in Fig. 2 , but rather sinc-like functions around the relevant QPM frequency. The SHG-efficiency is higher the lower the order. Hence, in one-period QPM one would choose to match to the first peak (m = ±1). In two-period QPM there is an equivalent rule, i.e. the low-depletion SHG-efficiency is highest for m = n = ±1. To be able to treat the problem mathematically we have to neglect all overlap between peaks in order to avoid resonances. Thus we must assume κ >> 1 in the one-period case. In the general two-period case the spectrum becomes dense, as in the case of a Fibonacci grating (21) . In order to be able to neglect any overlap between the peak we are looking at, and the rest of the dense spectrum, we have to assume, not only high spatial QPM frequencies, but also that the two frequencies are of different order. We remark that soliton excitation is expected to be possible no matter what the spectrum looks like, as long as the power is high enough (21) . Our numerical simulations presented here agree with this expectation. It is the lack of analytical tools which necessitates the assumption of well separated peaks.
By applying the asymptotic expansion(37) technique we have established a perturbation theory describing the propagation of the averaged fields in this two-period QPM system. We make the transformation E 1 (x, z) = w(x, z) and
and v(x, z) are assumed to vary slowly on the scale given by the QPM periods. The functions w(x, z) and v(x, z) can now be expressed as Fourier series
We remark that this assumption is valid also when the QPM frequencies share common harmonics. In this case the SHG spectrum discussed above becomes discrete as in the one-period case. However, to avoid overlap between peaks the QPM frequencies must still be assumed of different order. Furthermore we formally assume that β >> 1, κ 1 >> 1, and κ 2 >> 1. Substituting (4-5) into (1-2) and matching leading order terms yields the relations for the harmonic coefficients (19) . One gets
and the equations governing the averaged fields are of the form
Here ǫ = β−mκ 1 −nκ 2 , is the residual phase mismatch, which is assumed to be small. System (8-9) conserves the same power as system (1-2
The strengths of the averaged nonlinearities are given by
[2r+n] ,
where
In these expressions, r, s, and q are integers, and the summations are everywhere over all integers from −∞ to ∞ except zero. We emphasize that the averaged model (8-9) is valid for arbitrary values of κ 1 and κ 2 as long as the assumptions κ 1 >> 1, and κ 2 >> 1 are not violated. However care must be taken when calculating the sums in (10) and (13) . When necessary, r and s, themselves integers, must always be chosen such that the rκ 2 /κ 1 and sκ 1 /κ 2 are integers. This ensures that the Fourier coefficients d
(1)
We remark that if one of the QPM frequencies is an irrational number the sums in (10) and (13) do not contribute at all, because r and s must be integers.
To make the cubic self-and cross-phase modulation symmetric in (8) (9) we have had to assume that d * (i)
n , which is the case for square grating functions. Otherwise expressions (10-13) hold for any grating function of the form (3). We can rewrite for the specific case of square grating functions and first order QPM, m = n = 1. This allows us to simplify the expressions even though we cannot find analytically the values of the sums in (10) and (13) . We get
By letting w 0 (x, z) =w(x, z)/η and v 0 (x, z) =v(x, z)/η we can reduce system (8) (9) to
The stationary bright solitary families of system (17) (18) are of the form w(x, z) = u 1 (x) exp(iλz),v(x, z) = u 2 (x) exp(i2λz). They are parametrized by the soliton parameter λ > max{0, −ǫ/2}. The stationary solutions of (8-9) are parametrized by exactly the same parameter but since this system is characterized by three (ǫ, η, and γ) rather than the two parameters of (17-18) (ǫ andγ = γ/η 2 ) each solution of (17-18) corresponds to an infinite family of solutions of (8-9), i.e. an infinite number of QPM frequency combinations and thus physical setups. System (17) (18) conserves the renormalized power P = (|w| 2 + |v| 2 )dx = η 2 P . We note that also the assumed slow variation of the functions w(x, z) and v(x, z) imposes constraints on the choice of the soliton parameter λ. The characteristic soliton scale length, 2π/λ, must be much larger than the QPM period Λ = π/κ, where κ in the two-period case is the smallest QPM frequency.
Merely looking at expressions (14) (15) (16) suggests that in principle there is ample room for engineering of the averaged nonlinearities. The main parameters are the QPM frequencies κ 1 and κ 2 . In general we can state that the higher the QPM frequencies are, the lower the induced averaged cubic terms become. Thus γ → 0 for κ 1 , κ 2 → ∞. One also notices that the ratio between κ 1 and κ 2 and vice versa plays an important role in the sums in expressions (14) and (16) . We observe that the smaller the ratio the more significant the corresponding sums. From (14) it is obvious that the induced part of the averaged quadratic nonlinearity depends only on the ratio κ 2 /κ 1 . Thus we can realize the same averaged quadratic nonlinearity at large QPM frequencies (no induced averaged cubic terms) and at low QPM frequencies (significant induced averaged cubic terms). We note that if we let the second grating function d (2) (z) = 1, the only Fourier coefficient left in the expansion of d (2) 
−n = 1 and hence η = d (1) m and of all the cubic terms only the first part of (12) remains. The whole system thus degenerates into the one-period case and the results of (19) are reproduced.
Depending on our objectives we can make the individual terms of the averaged nonlinearities more or less significant. Thus we can essentially make the twoperiod QPM system behave like the one-period system with induced averaged cubic nonlinearities by choosing κ 2 >> κ 1 while still assuming κ 1 >> 1. In this way one can use κ 2 to reduce a large intrinsic phase mismatch, β, to a small effective mismatch which can then be manipulated further with κ 1 . Thus, if we let κ 2 → ∞ the averaged nonlinearities (14-16) reduces to
To verify the model in this κ 2 → ∞ limit we have made a series of simulations launching soliton initial conditions, found from (17) (18) , in a real two-period structure described by (1-2) with κ 2 chosen to be a high prime and κ 1 a small prime. Choosing primes effectively eliminates contributions from the remaining sums in (14-16) because r and s must be chosen such that rκ 2 /κ 1 and sκ 1 /κ 2 are positive integers. We measure the fraction of power in the SH after any initial transient has died out and compare this to the theoretically predicted value. In Fig. 3 we have summarized the results of this investigation for different powers and different effective phase mismatches.
If both QPM frequencies are of the same order, the full non-simplified expres- sions (14-16) must be used to calculate the averaged nonlinearities. Because of the way the ratio κ 2 /κ 1 enters in (14) (15) (16) , one has discrete resonances between the QPM frequencies. At these discrete resonances the induced averaged nonlinearities become stronger. The strength depends on the order of the resonance, the lower the order the higher the strength. To show how the strength of the averaged nonlinearities are calculated we concentrate on the summations involving rκ 2 /κ 1 . The contribution of the terms involving sκ 1 /κ 2 is handled in an analogous way. First-order resonances arise when κ 2 /κ 1 is a positive integer; then r is summed over all integers except zero from −∞ to ∞. Second-order resonances arise when κ 2 = (2p − 1)κ 1 /2 where p is a positive integer. In this case r only spans the even integers. Third-order resonances occur when κ 2 = p * κ 1 /3 where p = 1, 2, 4, 5, 7, 8, · · ·; then r must be summed over the integers ±3, ±6, ±9, · · ·. And so on and so forth for higher-order resonances.
We emphasize that resonances in principle must be taken into account whenever the gratings periods are rational values. In actual practice, the values of the grating periods are not integers but may be approximated by rational numbers. For example, let (κ 1 , κ 2 ) = (13.3, 194.7) . In this particular case, we can write κ 2 = pκ 1 /133, where p is any integer which has no common divisor with 133 except 1, showing that we are thus dealing with a 133'rd order resonance. In this particular case, p = 1947, and r must be summed over ±133, ±266, ±399, · · ·.
In Fig. 4 we show the induced averaged cubic nonlinearity of the reduced system,γ = γ/η 2 , as a function of the QPM frequency κ 2 (κ 1 is fixed). We have plotted the values for the lowest order resonances together with the noresonance curve, i.e. the limiting curve resulting when the sums in (14) (15) go to zero. It is evident from Fig. 4 that the higher order resonances quickly converge towards the no-resonance curve with κ 2 and that only the first order resonances yield induced averaged cubic nonlinearity significantly higher that the no-resonance case. We note that the resonance peaks shown are truly discrete. Furthermore, when the grating periods are non-integer numbers, only very high-order resonances occur. The point labelled • in Fig. 4 illustrates the idea. It corresponds to (κ 1 , κ 2 ) = (13, 8.66). While the very similar structure corresponding to (κ 1 , κ 2 ) = (13, 26/3) yields a third-order resonance contribution, (κ 1 , κ 2 ) = (13, 8.66) yields a 650th order resonance. Hence, the negligible deviation relative to the no-resonance curve. The conclusion is thus that only the no-resonance curve is of practical experimental interest and the averaged nonlinearities are simply given by
However, to verify that the model is correct we still need to analyze the full resonant structure of the averaged nonlinearities. Thus in Fig. 5 we focus on the first order resonances and show how the effective averaged quadratic nonlinearity changes with the ratio κ 2 /κ 1 . In the same figure we have also plottedγ to emphasize the interplay betweenγ and η. Recall that the graphs are not continuous but discrete functions of κ 2 /κ 1 , i.e. the plot only holds for values of κ 2 which are integers of κ 1 (κ 1 = 13 in this case). In Fig. 6 we have made a series of numerical experiments to confirm that the averaged model derived in this paper does predict correct behavior also at the QPM frequency resonances. Again we launch soliton found from (17) (18) ) in the real system described by (1) (2) , but now we keep the input power fixed, while we change κ 2 in integer steps of κ 1 . Simulations where carried in the actual two-period QPM structure. As before we let the evolution continue until any initial transient has died out. Then we sample the minimum, maximum, and averaged peak intensities and compare those with the theoretically predicted values.
It is worth recalling that for every soliton solution of the reduced system (17) (18) we have a whole family of solutions of the form (4) (5) . In Fig. 7 we have shown how one specific solution forγ ≈ 0.053 leads to different initial conditions for two different physical setups. The two setups here chosen corresponds to the point ⋆ indicated on both Fig. 4 and Fig. 5 . We also show the evolution of these initial conditions in Fig. 7 , i.e. the evolution of the peak intensities.
For the induced averaged nonlinearities addressed in this paper to be of potential practical importance, they have to impact the observable soliton properties, including their excitation conditions. To show that this seems to be the case, in Fig. 8 we show the behavior found for the soliton content (38) , SC, as a function of the residual phase mismatch in a two-period structure with QPM frequencies (κ 1 , κ 2 ) = (195, 13) . We also include the outcome of the numerical experiments performed for a structure with the non-integer values (κ 1 , κ 2 ) = (194.7, 13.3), to show that the effect predicted is not restricted to a particularly suitable choice of these parameters. We launch a FF signal, with a sech-shape, and no SH seeding and calculate how much of the initial power, P in , is bound in the soliton which eventually forms. Here we typically propagate till z = 10 3 and collect the energy flow in a window x = ±10. Simulations where carried out in the actual two-period QPM structure. The bandwidth of the SC for sech inputs can be estimated by using the Zakharov-Shabat scattering equations associated with the (1+1)-dimensional nonlinear Schrödinger equation, NLSE. With cubic terms, i.e. for system (8) (9) , one gets the estimate In the plot we also include the actual value of SC that is numerically found in the corresponding homogeneous pure quadratic case. Compared to the pure quadratic model, the bandwidth for the two-period structure is found to get wider. This effect can be understood by comparing the approximate theoretical expressions for the two cases given by (22) . There is also an expected significant increase in the efficiency owing to the fact that in systems with induced cubic terms the exited solitons are closer to the initial sech-shape than in purely quadratic systems. To explain the "dip" in the SC in the case of (κ 1 , κ 2 ) = (194.7, 13.3) again one must turn to the SHG spectrum. We find that the (m = −1, n = 31)-peak is located exactly at ǫ = 9.6, which is where the bottom of the "dip" seems to be. Thus we conclude that the efficiency of soliton excitation is diminished because of resonances between the (m = n = 1)-and the (m = −1, n = 31)-peak.
We remark that we did find soliton generation around other peaks than the (m = n = 1)-peak. For example, in the (κ 1 , κ 2 ) = (195, 13) case we observe a band (not shown in the plot) around ǫ = 39 corresponding to the (m = 1, n = 3)-peak. However, soliton formation in this band is much less efficient than in the (m = n = 1)-band and therefore we did not include it the plot. Similarly, other bands with higher QPM order also exist but one has to launch correspondingly high powers to excite solitons. On the other hand we do not observe soliton generation around the (m = 1, n = −1)-peak located at ǫ = −13 in the (κ 1 , κ 2 ) = (195, 13) of Fig. 8 . This is because soliton excitation at ǫ = −13 is to be achieved by down-conversion processes, which are not considered here. Fig. 8 . Soliton content for sech input FF as a function of the residual phase mismatch ǫ = β − κ 1 − κ 2 (m = n = 1). Input power is P in = 50. Left plot is for (κ 1 , κ 2 ) = (195, 13) (η ≃ −0.38, γ ≃ 0.053) and right plot for (κ 1 , κ 2 ) = (194.7, 13.3) (η ≃ −4/π 2 , γ ≃ 0.038). •': SC for two-period QPM. ' ': SC for purely quadratic model. The discrete points are the outcome of numerical experiments; the full lines in between are only to help the eye. The dashed and dotted lines are estimates from the limiting NLSE for a pure quadratic model and for a model with cubic terms, respectively.
In conclusion, we derived an averaged model for the soliton propagation in two-period QPM systems of the form (8-9), and we showed that the model gives an accurate description of stationary soliton propagation under a variety of input light and material conditions. We have shown that one can use one grating period of the QPM structure to reduce the intrinsic phase mismatch and the other grating period to induce averaged cubic nonlinearities. We found the induced averaged cubic nonlinearities to be strongest when one QPM frequency is a multiple of the other, but we showed that those are strictly discrete resonances that cannot occur when experimentally feasible grating periods are taking into account. However, our investigations predict that also the no-resonance averaged contributions can be important. In particular, we found that the QPM engineered averaged cubic nonlinearities, induced in feasible two-period samples, enhances the peak-efficiency and residual mismatch-bandwidth of the soliton excitation process with non-soliton single frequency pump light.
